Summer 2017 MATH2010

Solution to Exercise 5

1. Find the partial derivatives of the following functions:

)
(b) z/\/a? +y?,
(c) arctany/x ,
(d) log((t+1)3 +ts?),
(¢) sin(ay?s?) |
() |z, o= (1, 7).
Solution. (a) 9 _ y — 2%y + 1022 7 9__z ’ 9 __ 5 )
ox (14 22)? dy 1422 0z 1422

(b) o_ vy 0 _  —my
or (22 +y2)3/2 7 Oy o (22 +y2)3/2
2= 9 __x
or x2+y2’ Oy a2+y?’
(d)g_3(t+1)2+s2 a2 2ts
ot (t+1)3+ts2’ 09s (t+1)3+1ts2’
0
(e) Fyie Y223 coszy?2? | ay = 22y23 cos 2?23 | i 3zy?2% coswy?2? .
0 a—2 ;
(f)a—xj:axﬂx\ , J=1,--- n.
2. Verify fiy = fy. for the following functions:
(a) wcosy + e,
(b) zlog(1 +y?) — sin(zy) ,
(c) (z+y)/(z° —y") .
Solution. Omitted.
3. Consider the function
zy(z® — y?)
flz,y) = Wa (z,y) # (0,0),

and f(0,0) = 0. Show that f,, and fy, exist but are not equal at (0,0).

Solution. For (z,y) # (0,0),

B a:4y + 4w2y3 — y5
- (22 + y2)2

fa

b

x° — da3y? — xyt
(22 + 42)2

fy:
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When (z,y) = (0,0), f2(0,0) =0 and f,(0,0) = 0. We have

fay(0,0) = lim . —
but
fy2(0,0) = lim fy(2,0) = £,(0,0) =1.

z—0 z—0
They are not equal at (0,0).
4. Find
PBu
0xdy0z ’

where u(z,y, z) = ™% .

Solution. (1 + 3zyz + 2%y?2?)e™=.

5. * Show that
oMty 2(=1)™(m +n — 1)!(mz + ny)

awmayn - (SL’ _ y)m+n+1 )

where
r+y
v(z,y) = :

r—y

Solution. First show it is true for all m and n = 0 and then use induction on n.
6. *

(a) A harmonic function is a function satisfies the Laplace equation
0? 0?
Au=|=—++—]u=0.
(81‘% Oy,
Show that all n-dimensional harmonic functions form a vector space.

(b) Find all harmonic functions which are polynomials of degree < 2 for the two di-
mensional Laplace equations. Show that they form a subspace and determine its
dimension.

Solution. (a) Let u and v be two harmonic functions. By linearity, we have
Alou + pv) = aAu+ fAv =0,
so all harmonic functions form a vector space.

(b) Let p(z,y) = a + bx + cy + dx? + 2exy + fy? be a general polynomial of degree 2. If it
is harmonic,

0? 0?
0= Ap(z,y) = (@ + W)p(x,y) =2d+2f=0.
Therefore, it is harmonic if and only d = —f. Writing in the form

p(x,y) =a+bx+cy —|—d(;r2 — y2) + 2exy ,

we see that the space of all harmonic polynomials of degree < 2 is spanned by 1, z, y, 2% —12,
and xy. These five functions are linearly independent, so the dimension of this subspace
is 5.
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7. Consider the function
g(x,y) = /|zyl .

Show that g, and g, exist but g is not differentiable at (0,0).

g(l‘,O) — 9(070)

Solution. g¢,(0,0) = lim,_,o . =0.
Similarly, g,(0,0) = 0. Therefore, the differential of ¢ at (0,0) vanishes identically. We

have

gz, y) =0 lzyl

Vatty? a4y
where is clearly not convergent to 0 as (x,y) — (0,0). Therefore, g is not differentiable at
(0,0).

8. Consider the function h(zx,y) = 1 for (z,y) satisfying 22 < y < 422 and h(z,y) = 0 other-
wise. Show that h, and hy exist but h is not differentiable at (0,0).

Solution. h(s.0) — h(0.0
7o (0,0) = Lim &0 =00 _
x—0 T
h(0,y) — k(0,0
hy(0,0) = lim 0y) =M0.0) _

y—0 Yy

Therefore, h, and h,, exist at (0,0). However, h is not differentiable at (0, 0) since it is not
even continuous at (0, 0).

9. Consider the function j(z,y) = (22 + y?)sin(z? + y?)~* for (z,y) # (0,0) and ;(0,0) = 0.
Show that it is differentiable at (0,0) but its partial derivatives are not continuous there.

Solution.

jAQO%:hmj@JU—jmﬁ)

z—0 X xz—0

1
= limxsin—zzO.
T

Similarly, j,(0,0) = 0. If j is differentiable at (0,0), its differential must vanish there. We
have

“7 ‘—’\/x2+y sm ‘<\/a:2+y -0,
1:2 Va2 442
as (z,y) — (0,0), which shows that j is differentiable at (0,0).

Next, for (z,y) # (0,0),

2z 1
— COS
22 +y? a?4y? 2?4 y?

Jz(z,y) = 2z sin

When (z,0) — (0,0),
1 2 1

COS

]$($,0):2xsln?—g ?,

which does not tend to j,(0,0) = 0. Therefore, j, is not continuous at (0,0). Similarly, j,
is also not continuous at (0,0).

10. Use the Chain Rule to compute the first and second derivatives of the following functions.
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(a‘) f($+yax_y) ’
(b) g(z/y,y/z) ,
(d) f(rcos@,rsinf)
Solution
(@) f(z,y) = fle+y,z—y)
Jix =fot fya
fy = Jx — fy-
f;:r:a: = fmc + fxy + fyx + fyy = fx:c + 2fxy + fyya
szy = Jox = Joy + Jya — fyy = Joa — fyy,
fyy = f:c:c - fxy - fyx + fyy = fxx - 2f:cy + fyy-
(b) g(z,y) = g(u,v) = g(z/y,y/2).
e = gu% = gu(x/y y/z)%a
gy = gu%’” + 907 = gul@/y,y/2)F + gu(@/y,y/2) 1,
9z = Gu zz gv(x/y y/z)
Jazx guuii = 29uu($/y y/Z)
gxy = (guu% +guvz)y
~ X —X X X X $2 X
gyy:gu2 (guu y2 +guv1) +gvu (72)+gvv%%:gu§*3+guuy7_guv% +gvvz%a
Gyz = Guv 2 22 gvz2 +gvvz z2 guv gvz2 gvvz%a
2
gzz - gvaT .
(c) h(t) = h(z,y,2) = h(t, 2,13).
W(t) = hy + 2thy + 3t%h.,
B (t) = (hgg + 2they + 3t2hys) + (2hy + 2t(hyy + 2thy, + 3t2hy,) + 6th, + 3t2(hey +
2th,y + 3t%h,)
= hyg + 4thyy + 6t2hy, + 2hy + 4t2hy,, + 12t2hy, + 6th, + 9t1h,..
(d) f(r, 0) = f(rcosf,rsinf) = f(x,y).

Jr = fzcosf+ fysind,

fg = —fpr sm@ + fyrcosf.

frr = (fm cos? 0 + frycosOsin®) + (fyesinfcosb + fyy sin2 0)

= fuz €082 0 + 2f, cosOsinf + f,, sin? 0,

fro = (= fuarsing + foyrcos @) cos + fo(—sinh) 4 (= fyarsind + fy,rcosd)sinf +
fycosO

= —rfrxsinfcosd + fu,r(cos® 6 — sin? 6) + 7 fyy cos@sin@ — f, sinh + f, cos 0,

fog = (foarsing — fpyrcos@)rsind — forcos® + (= fyersin€ + fyyrcosd)rcosf —
fyrsind

= fmrz sin?f — 2fxyr2 cosfsinf — f,rcosf + fyyrz cos?f — fyrsinf.

11. * Let f(z,y) and ¢(x) be continuously differentiable functions and define

()
Gz) = /0 T fe )y
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Establish the formula

o(x)
G@ = [T faady+ f@p@)e @)
Hint: Consider the function

me—Afmw@.

Solution. Let F(z,t) = fg f(z,y)dy. Then G(x) = F(x,¢(x)). Therefore,
G'(z) = Fo(x, o(x)) + Fy(x, o())¢' (x)

w(z)
N /0 fa(z,y)dy + f(z, 0(2))¢' (z)

12. (a) Show that the ordinary differential equation satisfied by the solution of the Laplace
equation in two dimension Au = 0 when u depends only on the radius, that is,

wu= (), r= VIR,

is given by
1
f”(T) + ;f/(’f') =0.

(b) Can you find all these radially symmetric harmonic functions?

Solution.
(a) Write u(x,y) = f(v/2% 4+ y?). Then Au = 0 is turned into
1
7+ L =0,

(b) This equation can be written as (rf’)’ = 0 which is readily integrated to rf’ = ¢; for
some constant cy. i.e.

r_ 4
f=2
We conclude that all solutions are given by f(r) = ¢;logr + co for some constants

C1,Co.

13. (a) Show that the ordinary differential equation satisfied by the solution of the Laplace
equation in three dimension Au = 0 when u depends only on the radius, that is,

u=fr), r=Va P+,

is given by
2
f”(T'> + ;f/(r) =0.

(b) Can you find all these radially symmetric harmonic functions?
Solution. u(z,y,2) = f(v/22 + y? + 22). Then Au = 0 is turned into

£+ 210 = 0.

This equation can be written as (r2f’) = 0 which is readily integrated to rf’ = —c; for
. . €1
some constant ¢;. We conclude that all solutions are given by f(r) = — + ¢z for some
r
constants cy, ca.
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14. Consider the one dimensional heat equation
Ut = Ugy -

(a) Show that u(x,t) = v(y),y = x//t, solves this equation whenever v satisfies

1
vyy+§yvy =0.

(b) Show that u(z, t) = ™23y (y), y = 2412, solves this equation whenever w satisfies
Wyy = Yw .
Solution. (a) We have

1 z 1 1

Ut ="53p% Y= %vya Uzz = S yy

and the result follows.
(b) Let E = ¢+2°/3 We have

up = (x4 25w + 2twy)E,  uy = (tw +wy)E,  Upy = (t2w + 2twy + wy,)F

and the results follows.

15. * Let u be a solution to the two dimensional Laplace equation. Show that the function

vT =Uu
Y w? +y?  x? + oy

also solves the same equation. Hint: Use Alogr = 0 where r = /22 + 2.
Solution. Let r = (22 4+ 42)'/2. We have

Uz = Ug(log7) e + uy(log T)xy’

Vg = (Uza (108 7) 0 + Uy (108 7)1y ) (108 7) 0 + 1y (108 7) g+
(uyz (log 1) e + uyy(log 'r);vy) (log 1) zy + ty(l0g ) gay
vy = Ug(log 1)y + uy(logr)y, ,
Vyy = (Uaw (108 7)ay + tay(10g7)yy ) (108 )y + us(l0g7)ay+
(tay (108 1)z + uyy(log 1) yy) (log 1) yy + uy (log 7)yyy -
The key is Alogr = 0. Using it we have
Av(w,y) = ((logr)3, + (logr)3,) Au(z/(z* + y*)' /%, y/ (= + y*)'/?),

and the desired conclusion follows. This formula shows how to get a new harmonic function
from an old one. It is called the Kelvin’s transform.
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16. * Express the differential equation
0z 0z 0
—_— —r— = ,
e oy
in the new variables
E=z, n=a>+y"

Can you solve it?

Solution. Write z(z,y) = 2(§, 1) = 2(z, 2% + y?). Using 2z, = % + 227, and z, = 2y, to

get
0 0
yaf; - x£ = y(Ze +222y) — x(2yZ,) = yZc -
The equation becomes yz¢ = 0, i.e. 2z depends on 1 only. The general solution is

f = f(2? + y?), i.e. radially symmetric.

17. Express the one dimensional wave equation

2 2
%—02%20, c > 0 a constant ,

in the new variables
E=x—ct, n=x+ct.

Then show that the general solution to this equation is

flx,y) =@z —ct) +Y(x+ct) ,

where ¢ and v are two arbitrary twice differentiable functions on R.

Solution. Write f(z,t) = f(&n) :f(x—ct,gc—i—ct). We have f, = f£+fq7, fi= —cfg—i—cfn,
fxq} == ffg + 2f£77 + fnn, and ftt == CQfgg — 202]0577 + Cann.

Therefore,
0% f 0% f ~ ~ ~ ~ ~ ~ ~
a7 ~ O3 = (Cfee = 28 ey + A fin) — H(fee + 2fen + fon) = —4 fen.

The differential equation is transformed to the new equation

fen = 0.
Now, ( fé)n = 0 implies fg is independent of 7. Therefore, fg = ¢1(§) for some ¢; and
hence f = [ ¢1(§) + ¢2(n), i.e. f(z,y) = @(&) + ¥ (n).

18. Consider the Black-Scholes equation
1
Vi+ 502:62‘/3,33 +rzV,—rV =0.

(a) Show that by setting V(z,t) = w(y,7), y = logx, 0%t = —27, the equation is turned

into
2r 2r
—Wr + Wyy + (;—1>wy—;w:0.
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19.

ow that rurther by setting w(y,7) = e u(y, 7), with suitable o an , the
b) Sh hat further b i ay+pT ith suitabl d S, th
equation becomes the heat equation

Ur — Uyy =0 .
Solution. (a) By a direct computation based on

1 1 1 —o?
Vx:wy; s Vxx:wyyﬁ—wyﬁ y W:TwT .

(b) With a further change of variables, the equation in (a) is transformed into

2 2
(—Bu — ur) + (uyy + 20u, + ou) + (;2 = 1) (au + uy) — U—Zu =0.

By choosing « and 8 according to

2 2 2
2a+f§—120, —B+a2+a<—g—1)——§:0,
o o o
we obtain the heat equation for u.

Note. The Black-Scholes equation is a model on option pricing. Here V' stands for the price
of an Kuropean put or call. Myron Scholes was awarded the Nobel prize in economics in
1997 together with Robert Merton for proposing this model. Black did not share the honor
for he died already.

A polynomial P is called a homogeneous polynomial if all terms have the same combined
power, that is, there is some m such that P(tx) = t"P(z) for all ¢ > 0. Establish Euler’s
Identity

Verify it for the following homogeneous polynomials:

(a) 22 — 3zy +y?, and
(b) ' — 219322 + 6yltz .

Solution. By the homogenity, P(tx) = t™P(x) for all ¢ > 0. Differentiate both sides
with respect to t. The left hand side is equal to

0 oP oP

The right hand side is = mt™ ! P(x). Setting ¢ = 1, we have

(a) Tt is equal to z(2x — 3y) + y(—3z + 2y) = 2(z* — 3zy + y?), and

(b) It is equal to z(15z' — 102%322) + y(—32'%222 + 84y'32) + 2(—22'0y32 + 6y1* =
15(21® — 219322 4+ 6y142) .
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20. An open set D is called connected if for every z,y € D, there exists a parametric curve

21.

22.

lying in D connecting x and y. Show that a differentiable function f in an open, connected
set with vanishing partial derivatives must be a constant. Hint: Use a regular parametric
curve to connect = to y and consider the composite of this curve with f. Chain Rule will
do the rest.

Solution. It suffices to show that for any =,y € D, f(x) = f(y). By connectedness of D,
there exists a regular curve ~y(t) such that v(0) = x and v(1) = y. Let ¢(t) = f(7(t)) =
f(n(t), ..., (t)). By the chain rule,

of of

& 1) = 5 GO + et 5 (ENLD =0

for all t. Therefore, ¢(t) is constant function, i.e. f(y(0)) = f(v(1)), and hence f(z) =
f(y). This implies f is a constant function.

Find the directional derivative of each of the following functions at the given point and
direction:

(a) 22 +y3 + 24 (3,2,1); (—1,0,4)/V17 .
(b) ™ +sin(a? +4?), (1,-3); (1,1)/v2.

Solution.
(a)

Def =¢-Vf

(*17074) 2 3
=2 (22,304
V7 GESL A
—1,0,4
= (\/ﬁ) -(6,12,4)

10
VIT

= - (ye™ + 2z cos(z® 4 y?), xe™ + 2y cos(x? + y?))

\/E (17_3)
=22 . (=3¢ %4+ 2cos10,e — 6cos 10)

—2e73 —4cos 10
V2
= —v/2(e7% 4+ 2cos 10).

Find the directional derivative of the function z? — y? at (1,1) whose direction makes an
angle of degree 60° with the z-axis.

Solution. The direction is given by (cos60°,sin60°) = =(1,v/3). Therefore, the direc-

1
1 1 2
tional derivative is 5(1, V3) - 2z, —2y)|11) = 5(1, V3)-(2,-2) =1-+/3.
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23.

24.

25.

26.

Let g(x,y) = 22 — xy +y%. Find

(a) the direction along which it increases most rapidly.
(b) the direction along which it decreases most rapidly.

(c) the directional at which its directional derivative vanishes.

Solution. We have Vg = (22 —y, —x + 2y). Let [Vg| = /(22 — y)2 + (—z + y)%.

(a) The direction is given by Vg/|Vg|.
(b) The direction is given by —Vg/|Vg|.

(c) Let & = (&1,&2) be a direction such that (£1,&) - 2z — y,—x + 2y) = 0. We may
choose & = (£1,&) = (—z + 2y, —2x + y)/|Vg| to have the above equality holds true.

Can you find a function whose directional derivative along every direction exists and all
equal at (0,0) but it is not differentiable there ? Hint: An example can be found in a
previous problem.

Solution. Consider the function f in Problem 8. Since f eventually vanishes along any
direction from (0,0), D¢ f = 0 for all direction {. However, f is not differentiable at (0, 0).

(a) Let f(z,y) be a function defined in the first quadrant {(z,y) : x,y > 0}. Propose a
definition of the partial derivatives of f at (z,0),z > 0 and at (0,0).

(b) Let g(z,y) be a function defined in the set {(z,y) : 0 <z < y}. Propose a definition
of the partial derivatives of g at (0,0).

Solution. (a) For (z,0),z > 0, the partial derivative of f in z is defined as usual, but
now the partial derivative in y is

aiy(xuo) - hllfél_*_ B )

that is, we restrict to the range where y is positive. Similarly, define

of . f(h,0) = f(0,0)
%(O’O) B hlif& h ’
of o J(0,R) = f(x,0)
ETy(O’O) N hlgél+ h '

(b) Let & = (1,1)/+/2. Using the relation

of _v20f  V20f

96 2 9z 2 By’

we define

of . ~Of of
%&m—ﬂamm—@@m

Use the differential of an appropriate function to obtain an approximate error estimate
and then compare it with the actual one. You may use a calculator.
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(a) sin29° x tan46° .
1.03?
(b) (0.98)1/3(1.05)3/4
(¢) V(3.1)2+ (4.2)2 + (11.7)2 .

Solution.

(a) Let f(0,¢) = sinftang;(0,¢) = (30°,45°) = (n/6,7/4);(d0,dp) = (—1°,1°) =
(—m/180,7/180).
Therefore,

df = cos 6 tan ¢df + sin 6 sec? pde

V3 T 1 1 T

= Y I X (—— )+ = o
g x bl 180)+2x(§)2><180

7r

=(1-v3/2)— .

13/ )180
and hence the approximate value is given by
Fr/6om/a) + (1—v3/2) = 11— VB2~
' 180 2 180

27. The height and the radius of the base of a cylinder are measured with error up to 0.1 and
0.2 respectively. Find the approximate and exact maximum error of its volume.

Solution. Let the volume be V, the radius be r and the height be h. They are related by
V =mr’h
Differentiating both sides yield

dV = 2rrhdr + wridh
= 277h(0.17) + 7r%(0.2h)
= 0.4V

Therefore, the approximate error is given by 0.7V/V = 0.4. The exact error is

7(r +0.1r)2(h 4 0.2h) — 7r2h = 0.452V .

28. A horizontal beam is supported at both ends and supports a uniform load. The deflection

at its midpoint is given by
k
S=—=:,
wh3

where w and h are the width and height respectively of the beam and k is some constant
depending on the beam. Show that

s = —S(%dw + %dh) .
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29.

30.

If S =1in. when w = 2 in. and h = 4 in., approximate the deflection when w = 2.1 in.
and h = 4.1 in.. Then compare your approximation with the actual value.

Solution. dS comes from a direct differentiation.

Now since S(2,4) = 1, we find k = 2 x 43. Using dw = 0.1, dh = 0.1,

0.1 3
s = —S(— 70.1) — _0.125.
2 * 4
The exact error is .
—— — 1= -0.1156 .
2.1 x (4.1)3

The point (1,2) lies on the curve defined by the equation
flz,y) =223+ - 52y =0.

Approximate the y-coordinate of the nearby point (z,y) on this curve which x = 1.2.

Solution. The relation defined a function y = g(x):
223 + ¢*(x) — 5xg(x) =0 .

The y-coordinate is given by ¢g(1.2). Now we will obtain the approximate value by using
the differential at x = 1. Differentiating it in x:

62° + 39> (z)g (x) — 5g(x) — 5xg'(x) =0,

which gives
S5z — 3g2(x)

So ¢'(1) = 4/7 and dg = ¢'(1)(1.2 — 1) = 4/35 = 0.1143. Therefore, the approximate
y-coordinate is given by 2.1143.

Suppose that T' = z(e¥ + e~ Y) where = 2,y = log 2 with maximum possible errors 0.1 in
x and 0.02 in y. Estimate the maximum possible induced error in the computed value of T'.

Solution. We have

AT = (eY + e ¥)dx + x(e¥ — e Y)dy

1 1
= 24+ — 01+2(2—= 0.02
(+2)>< + ( 2)><

= 031.



